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Abstrat
In this paper, we onsider some frustrated spin models for whih the ground states are
known exatly. The onurrene, a measure of the amount of entanglement an be alulated
exatly for entangled spin pairs. Quantum phase transitions involving marosopi magneti-
zation hanges at ritial values of the magneti eld are aompanied by marosopi jumps
in the T = 0 entanglement. A spei example is given in whih magnetization plateaus give
rise to a plateau struture in the amount of entanglement assoiated with nearest-neighbour
bonds. We further show that marosopi entanglement hanges an our in quantum phase
transitions brought about by the tuning of exhange interation strengths.
PACS Nos.: 03.65.Ud, 75.10.Jm
Entanglement is a harateristi feature of quantum mehanial systems whih has no lassial
analogue [1℄. The state of a pair (or more than a pair) of quantum systems is entangled if the
orresponding wave funtion does not fatorize, i.e., is not a produt of the wavefuntions of the
individual systems. A well-known example of an entangled state is the singlet state of two spin−1
2
partiles,
1√
2
(|↑↓〉 − |↓↑〉), whih annot be written as a produt of the spin states of individual
spins. Measurement on one omponent of an entangled pair xes the state of the other implying
non-loal orrelations. Interest in quantum entanglement is extensive beause of its fundamental
role in quantum ommuniation and information proessing suh as quantum teleportation [2℄,
superdense oding [3℄, quantum ryptographi key distribution [4℄ et. Experimental implemen-
tation of some of the protools has so far been ahieved in simple physial settings. Solid state
devies, speially, spin systems have been proposed as possible andidates for large sale realiza-
tions [5, 6℄. In partiular, the Heisenberg spin-spin exhange interation gives rise to entangled
states in spin systems and has been shown to provide the basis for universal quantum omputation
[7, 8℄. Examples of other interating many body systems in whih entanglement properties have
been studied inlude the harmoni hain [9℄, the 1D Kondo Neklae model [10℄ and the BCS
ondensate [11℄.
Entanglement in a state like its energy is quantiable and has been omputed both at T = 0 and
at nite T (thermal entanglement) for a variety of spin models in both zero and nite external
magneti elds. The models inlude the Heisenberg XX , XY , XXX , XXZ and transverse
Ising models in one dimension (1D) [12-18℄. The omputational studies show that the amount of
entanglement between two spins in a multi-spin state an be modied by hanging the temperature
and/or the external magneti eld. Some reent studies have explored the relations between
1
entanglement and quantum phase transitions in the ferromagneti (FM) XY model in a transverse
magneti eld and in a speial ase of the model, namely, the transverse Ising model [16, 17℄.
A quantum phase transition (QPT) an take plae at T = 0 by hanging some parameter of
the system or an external variable like the magneti eld [19℄. The ground state wavefuntion
undergoes qualitative hanges in a QPT and model studies indiate that entanglement develops
speial features in the viinity of a quantum ritial point.
The studies arried out so far have been onned to 1D systems with only nearest-neighbour
(NN) exhange interations. There are several quasi-1D and 2D antiferromagneti (AFM) spin
models whih desribe frustrated spin systems [20℄. Frustration arises if oniting interations
are present in the system, i.e., when all the interations between spins annot be simultaneously
satised. A good example of a frustrated spin system is the AFM Ising model on the triangular
lattie. An elementary plaquette of the lattie is a triangle. The Ising spin variables have two
possible values, ±1, orresponding to the up and down spin orientations. An antiparallel spin pair
has the lowest interation energy −J . A parallel spin pair has the energy +J . In an elementary
triangular plaquette, there are three interating spin pairs. Due to the topology of the plaquette
(odd number of NN bonds), all the three spin pairs annot be simultaneously antiparallel in the
ground state. There is bound to be one parallel spin pair giving rise to frustration in the system.
Consider another example in whih the spins in a linear hain interat via NN as well as next-
nearest-neighbour (NNN) AFM interations. In a triplet of suessive spins, the two NN spin pairs
and one NNN spin pair annot be simultaneously antiparallel and the linear spin hain is frustrated.
Frustration in a system may our due to the topology of the lattie (triangular, kagomé et.) or
due to the inlusion of further-neighbour interations leading in most ases to spin-disordered
ground states. The models exhibit QPTs as the exhange interation parameters are tuned to
partiular ratios or at ritial values of the external magneti eld. Some of the models exhibit
the phenomenon of magnetization plateaus in whih plateaus appear in the magnetization/site m
versus the external magneti eld h urve at quantized values of m (m and h are hosen to be
dimensionless) [21℄. The ondition for the appearane of plateaus is
SU −mU = integer (1)
where SU and mU are the total spin and magnetization in unit period of the ground state. The
plateaus indiate that the spin exitation spetrum is gapped so that the magnetization remains
onstant. In this paper, we onsider some spin models for whih the ground states are known
exatly in ertain parameter regimes. An exat measure of the entanglement between two spins
an be obtained in these states in a straightforward manner beause of the simple struture of
the ground states. We report two major results. In the presene of an external magneti eld,
marosopi magnetization jumps at ritial values of the magneti elds (rst order QPTs) are
aompanied by marosopi hanges in the amount of pairwise entanglement. Furthermore, some
examples are given in whih the entanglement struture is modied due to QPTs (again rst order)
brought about by the tuning of exhange interation strengths.
A measure of entanglement between the spins A and B is given by a quantity alled on-
urrene [12, 13℄. To alulate this, a knowledge of the redued density matrix ρAB is re-
quired. This is obtained from the ground state wavefuntion by traing out all the spin de-
grees of freedom exept those of the spins A and B. Let ρAB be dened as a matrix in the
standard basis {|↑↑〉 , |↑↓〉 , |↓↑〉 , |↓↓〉}. One an dene the spin-reversed density matrix as ρ˜ =
2
(σy ⊗ σy) ρ∗ (σy ⊗ σy), where σy is the Pauli matrix. The onurrene C is given by C = max{λ1−
λ2 − λ3 − λ4, 0} where λ′is are the square roots of the eigenvalues of the matrix ρρ˜ in desending
order. The spins A and B are entangled if C is nonzero, C = 0 implies an unentangled state
and C = 1 orresponds to maximum entanglement. The models we onsider in this paper belong
to the Majumdar-Ghosh (MG) [22℄ and the Aek-Kennedy-Lieb-Tasaki (AKLT) [23℄ families of
models. The MG model is the simplest frustrated model in 1D. The spins have magnitude
1
2
and
the Hamiltonian is given by
HMG = J
N∑
i=1
−→
S i.
−→
S i+1 +
J
2
N∑
i=1
−→
S i.
−→
S i+2. (2)
N is the total number of spins and the strength of the next-nearest-neighbour (NNN) exhange
interation is half that of the NN interation. The boundary ondition is periodi. The exat
ground state is doubly degenerate with the wave funtions
φ1 = [12][34].......[N − 1N ]
φ2 = [23][45]........[N1] (3)
where [lm] denotes a singlet (valene bond (VB)) of two spins loated at the lattie sites l and
m. Thus in the ground state NN spin pairs in singlet spin ongurations are maximally entangled
with onurrene C = 1. The value of C for all the other NN or further-neighbour pairs is zero.
This is onsistent with the speial property of entanglement that in a set of three spins A, B
and C, if A and B are maximally entangled, the entanglement between A and C is zero [12℄.
Translational invariane in the ground states an be restored by taking linear ombinations of the
ground states,
φ1±φ2√
2
. In this ase, all NN pairs are entangled with C = 0.5. The value of C in the
ase of the S = 1
2
Heisenberg AFM spin hain is C = 0.386 [12℄. Frustration appears to inrease
the NN entanglement in a spin system.
JR JR
J
J
J J
FIG. 1: A two-leg frustrated spin ladder. The spin-spin exhange interation strength along the
rung is JR. The inter-leg NN and the diagonal exhange interations are of equal strength J .
We now give examples of some spin models in the presene of an external magneti eld for
whih marosopi magnetization jumps are aompanied by marosopi jumps in entanglement.
The rst model is a frustrated two-leg S = 1
2
ladder model [24℄ (Fig. 1) the Hamiltonian of whih
is given by
Hladder =
∑
〈ij〉
Jij
−→
S i.
−→
S j − h
N∑
i=1
Szi . (4)
3
The exhange interation strength Jij = JR along the rungs. The intra-hain NN and the diagonal
exhange interations are of equal strength J . When h = 0 and JR
J
> λ (λ ≃ 1.401), the exat
ground state onsists of singlets (VBs) along the rungs. The spin pairs along the rungs are thus
maximally entangled and all other spin pairs are unentangled. We dene a quantity
f =
2
N
N
2∑
i=1
C(i) (5)
whih is the average onurrene per rung of the ladder. The summation is over the rung index
with
N
2
being the total number of rungs. Sine all the other spin pairs are unentangled, the average
onurrene per NN bond, fNN =
1
3
(the NN bonds inlude
N
2
rung bonds and N intra-hain NN
bonds). The magnetization properties of the frustrated ladder model are simple [25℄. Fig. 2(a)
h h
f
1
h h
1/2 1/2
1
(a) (b)
M
h h
1c 2c c1 2
c
FIG. 2: The frustrated spin-ladder model (Fig. 1) exhibits plateaus in (a) magnetization/rung M
versus an external magneti eld h and (b) average onurrene per rung f versus h.
shows the magnetization per rung M as a funtion of the magneti eld h. For 0 < h < hc1 = JR,
M = 0. For hc1 < h < hc2 = JR + 2J , the rungs are alternately in singlet and S
z = 1 triplet spin
ongurations in the ground state. The value ofM is now 1
2
. For h > hc2 , saturation magnetization
is obtained with M = 1. One an verify that the quantization ondition (1) is obeyed at eah
plateau. Fig. 2(b) shows the plot of the average onurrene per rung f versus the magneti eld
h. A similar plot is obtained for fNN with the dierene that fNN =
1
3
for 0 < h < hc1 and
fNN =
1
6
for hc1 < h < hc2 . For hc1 < h < hc2, half the total number of rungs are in S
z = 1
triplet spin ongurations in whih the two spins of a rung point up. The parallel spin pairs are
unentangled with C = 0. The other rungs are in singlet spin ongurations so that f = 1
2
. In the
fully polarised state f = 0. Fig. 2(b) provides an example of a hanging magneti eld giving rise
to marosopi hanges in entanglement. The ground state of the frustrated spin ladder model
for h = 0 has a simple struture and an be expressed as a produt over rung singlet states. The
redued density matrix ρAB, needed to alulate the entanglement between the spins A and B,
an be alulated exatly and analytially in a straightforward manner. One the matrix elements
of ρAB are known, the onurrene C an be alulated. Beause of the unompliated struture
4
of the ground state, C an alternatively be alulated using simple arguments. Eah spin in the
ladder belongs to a rung singlet or VB so that it is maximally entangled with its partner spin.
Thus, the entanglement between a spin j and any other spin, belonging to other rung singlets, is
zero. The onurrene C of a maximally entangled pair is 1 so that f, the average onurrene
per rung, is 1 for 0 < h < hc1. Similar arguments hold true for hc1 < h < hc2 when the ladder has
a dierent ground state, again with a simple struture.
J1 J1 JR
J2
3J
3J
J1
J1
J2
J2
J2
FIG. 3: Two-hain ladder model onsisting of four-spin plaquettes oupled to two-spin rungs.
The exhange
interation strengths are as shown in the Figure.
Fig. 3 shows another spin ladder model with modulated exhange interations [26℄. The
model onsists of four-spin plaquettes oupled to two-spin rungs (solid lines) through NN and
diagonal exhange interations (dotted lines) of strength J2. Within eah plaquette, the NN
and diagonal exhange interations are of strength J1 and J3 respetively. The rung exhange
interation strength is JR. In a wide parameter regime, the exat ground state has a simple produt
form: the plaquettes and the rungs are individually in their ground state spin ongurations. The
ground state of a plaquette is a resonating valene bond (RVB) state with wavefuntion given by
ψRV B1(ψRV B2) for J3 < J1(J3 > J1). The ground state of a rung is a singlet. The RVB states are
given by
(−)
+
PSfrag replaements
 
RV B1(RV B2)
=
(6)
The solid lines represent singlets and the arrow signs are drawn aording to the phase onvention
that in a VB between the sites i and j, if the arrow points away from the site i, then the spin
onguration is
1√
2
(|↑ (i) ↓ (j)〉 − |↓ (i) ↑ (j)〉). It is easy to hek that the NN spins in |ψRV B1〉
are entangled with onurrene C = 0.5. The NNN spins along the diagonals are unentangled. On
the other hand, the NN spins in |ψRV B2〉 are unentangled and the NNN spin pairs are entangled
with C = 1. At J1 = J3, there is a QPT from the ground state in whih the plaquette spin
ongurations are desribed by |ψRV B1〉 to the ground state in whih the same are desribed by
|ψRV B2〉. In both the phases, the rungs are in singlet spin ongurations. The QPT is aompanied
by marosopi hanges in the amount of NN and NNN entanglements. The average onurrene
per NN bond, fNN , in the full ladder is
1
3
for J3 < J1 and
1
9
for J3 > J1. The average onurrene
per NNN bond, fD, is 0 for J3 < J1 and
1
3
for J3 > J1. In a nite magneti eld h 6= 0, the
exat ground state maintains its produt form in an extended parameter regime. This gives rise
5
to magnetization plateaus in the magnetization/site m versus h urves. Again, the jumps in the
magnetization are aompanied by jumps in the amount of entanglement. To give one spei
example, onsider the ase J3 < J1. The average onurrene/NNN bond in the full ladder is zero
for 0 < h < hc1 = J1 and
1
6
for hc1 < h < hc2 = 2J2. At hc1 , m jumps from zero to the value
1
6
.
Eah plaquette is in the ground state spin onguration
1
2
(|↑↑↑↓〉 − |↑↑↓↑〉 − |↑↓↑↑〉+ |↓↑↑↑〉) in
the eld range hc1 < h < hc2. Shulenberg et al. [27℄ have onstruted exat eigenstates whih
FIG. 4: Kagomé lattie with N spins. The irles mark the
N
9
hexagons in whih independent
magnons an be loalised.
onsist of independent, loalized one-magnon states in a lass of frustrated spin latties and have
shown that these are the ground states in high magneti elds. The eigenstates are obtained
provided ertain onditions are satised. In a kagomé lattie, the magnon states are loalised in
N
9
hexagons where N is the total number of spins. The hexagons in whih the magnon exitations
our are isolated from eah other (Fig. 4). Above the saturation magneti eld, all the spins in
the lattie are in a FM spin onguration |0〉 and eah spin pair is unentangled. The state |0〉 is
the vauum for magnon exitations. At a ritial eld below the saturation magneti eld, the
exat eigenstate onsisting of
N
9
loalised one-magnon exitations beomes the ground state. The
loalised magnon exitation has the wave funtion
|1〉 = 1√
6
6∑
l=1
(−1)lS−l |0〉 . (7)
This gives rise to a marosopi hange in the magnetization urve. In eah of the
N
9
hexagons,
a spin is equally entangled with all the other ve spins and the magnitude of the onurrene is
C = 1
3
. This signies a marosopi hange in the amount of entanglement. The magnetization
jump ourring at a ritial value of the magneti eld signies a rst order QPT. We have
shown through spei examples that suh QPTs give rise to marosopi jumps in the amount of
entanglement assoiated with NN and/or further-neighbour spin pairs.
QPTs an also be brought about by tunning exhange interation strengths. We have already
given an example of this in the ase of the ladder model shown in Fig. 3. For h = 0, a QPT
6
ours at
J3
J1
= 1. In the frustrated two-leg ladder model shown in Fig. 1, a QPT takes plae at the
ritial value (JR
J
)c ≃ 1.401. Below the ritial point, the ground state is that of an eetive S = 1
hain with the S = 1 spins forming out of the pairs of S = 1
2
rung spins. The spin ladder is now
in the Haldane phase of a S = 1 hain. Above the ritial point, the ladder is in the rung-singlet
(RS) phase in whih the rung spins are in singlet spin ongurations. Kolezhuk and Mikeska [28℄
have proposed a generalised frustrated ladder model in whih the rst order QPT between the
RS and the Haldane phases an be studied in an exat manner. This model inludes biquadrati
interations besides NN and NNN (diagonal) ones. The Hamiltonian is given by,
H =
∑
i
hi,i+1,
hi,i+1 =
y1
2
(
−→
S 1,i.
−→
S 2,i +
−→
S 1,i+1.
−→
S 2,i+1) + (
−→
S 1,i.
−→
S 1,i+1 +
−→
S 2,i.
−→
S 2,i+1)
+y2(
−→
S 1,i.
−→
S 2,i+1 +
−→
S 2,i.
−→
S 1,i+1) + x1(
−→
S 1,i.
−→
S 1,i+1)(
−→
S 2,i.
−→
S 2,i+1)
+x2(
−→
S 1,i.
−→
S 2,i+1)(
−→
S 2,i.
−→
S 1,i+1) (8)
where, x1 =
4
5
(3− 2y2), x2 = 4
5
(3y2 − 2). (9)
The indies 1 and 2 orrespond to the lower and upper legs of the ladder respetively and i is
the rung index. The exat phase boundary between the RS and the Haldane phases is given by
y1 =
4
5
(1+y2). The ground state in eah phase is known exatly. In the Haldane phase the ground
state is the AKLT state [23℄. The ground state energy/rung in the RS and the Haldane phases
are ERS = −34y1 + 320(1 + y2) and EAKLT = 14y1 − 1320(1 + y2) respetively.
As mentioned before, in the RS phase the spin pairs along the rungs are perfetly entangled
with onurrene C = 1. All the other spin pairs are unentangled. The amount of entanglement
in the AKLT phase an be omputed in the following manner. For [H,Sz] = 0, where Sz is the z
omponent of the total spin, the redued density matrix of a spin pair loated at the sites i and j
has the form [12℄
ρij =


u+ 0 0 0
0 w1 z 0
0 z w2 0
0 0 0 u−

 . (10)
The onurrene quantifying the entanglement is given by
C = 2max[0, |z| − √u+u−]. (11)
Wang and Zanardi [29℄ have shown that the matrix element of ρij an be expressed in terms of the
various orrelation funtions Gαβ = 〈σiασjβ〉 = Tr(σiασjβρ), (α = x, y, z), where ρ is the density
operator. The magnetization/site m = 1
N
Tr(
∑N
i=1 σ
z
i ρ). In partiular, the following relations hold
true:
u± =
1
4
(1± 2m+Gzz)
7
z =
1
4
(Gxx +Gyy). (12)
The orrelation funtions in the AKLT phase an be alulated in an exat manner using the
transfer matrix method in the matrix produt (MP) formalism [30℄. The AKLT ground state an
be written in the MP form as
ψAKLT = Tr
N
2∏
i=1
gi (13)
with, gi =
[ |t0〉i −√2 |t+〉i√
2 |t−〉i − |t0〉i
]
. (14)
The produt in Eq. (13) is over the
N
2
rungs of the ladder. The two spin-
1
2
's of eah rung are in
a triplet spin onguration in the AKLT phase giving rise to an eetive spin 1. In Eq. (14), the
states |tµ〉 with µ = +1, 0 and −1 represent a spin state with Sz = +1, 0 and −1 respetively.
Calulation of the orrelation funtions Gαα (α = x, y, z) of the spin
1
2
pairs in the AKLT state
an be arried out following standard proedure [30℄. We quote the nal results. The various
orrelation funtions are:
〈σ1,nασ1,n+1α〉 = 〈σ2,nασ2,n+1α〉 = 〈σ1,nασ2,n+1α〉 = 〈σ1,n+1ασ2,nα〉
= −4
9
(α = x, y, z) (15)
〈σ1,nασ2,nα〉 = 1
3
(α = x, y, z). (16)
The orrelation funtions, in whih the distane l separating the rungs on whih the spins are
loated is ≥ 1 (in Eq. (15) l = 1), involve the fator 4(−1)l3−l−1. With the knowledge of the
orrelation funtions, the onurrene an be determined using the relations (11) and (12) (m in
the AKLT phase is zero). One nds that in the AKLT phase, the spin pairs along the rungs are
unentangled. In the RS phase, the same spins are maximally entangled. The intra-leg NN and
the NNN (diagonal) spin pairs are entangled in the AKLT phase with onurrene C = 1
6
in eah
ase. In the RS phase, these spin pairs are unentangled. Again, the rst order QPT from the RS
phase to the AKLT phase is aompanied by marosopi hanges in the entanglement struture.
The generalised ladder model studied by Kolezhuk and Mikeska has a rih phase diagram
[28℄ desribing both rst order and seond order QPTs. At the seond order phase boundary,
the gap in the exitation spetrum goes to zero. There are ve possible phases: RS, AKLT,
FM, D1 and D2. The phases D1 and D2 have spontaneously broken symmetry but the exat
ground states are not known in these phases. The phase boundaries separating the FM-D1,
AKLT-D1, AKLT-D2, RD-D1 and RD-D2 are known exatly and have been determined in the
MP formalism. The orresponding QPTs are seond order transitions. The two rst order phase
boundaries separating the RD-AKLT and AKLT-FM phase are also known exatly. Preliminary
alulations [31℄ near the seond order phase boundaries suggest that the pairwise entanglement
does not extend beyond the NNN distane. The same is true in the ase of rst order QPTs.
Osterloh et al. [16℄ have onsidered the range of entanglement in the viinity of the quantum
8
ritial point of the transverse Ising model in 1D. They have found that even at the ritial point,
where the spin-spin orrelations are long ranged, the onurrene is zero for spin pairs separated
by more than NNN distane. There is, however, one ruial dierene between this model and
the AKLT-type models desribed by MP states. The MP states are nitely orrelated, i.e., the
spin-spin orrelation funtion
〈
Szi S
z
i+l
〉
= ASe
− l
ξ
deays exponentially with the orrelation length
ξ equal to a few lattie spaings. As the transition point τ = τc (τ is some model parameter)
is approahed, the orrelation length ξ either does not exhibit any singularity or diverges in a
power-law fashion as (τ − τc)2. In the latter ase, however, the prefator As ∝ (τ − τc) beomes
zero at the transition point [28℄. Thus long range spin-spin orrelations annot develop in the
system.
In summary, we have shown through spei examples that rst order QPTs an bring about
marosopi hanges in the amount of pairwise entanglement in spin systems. We have given the
spei example of a spin model in whih magnetization plateaus give rise to a plateau struture
in the average onurrene per rung as well as NN bond. There are several low-dimensional
AFM ompounds in whih magnetization plateaus have been observed experimentally [32℄. The
appearane of magnetization plateaus has been explained in terms of metal-insulator transitions
of magneti exitations driven by a magneti eld [33℄. In the insulating (plateau) phase, the
magneti exitations give rise to rystalline order and in the metalli (non-plateau) phase they
are itinerant. It will be of interest to explore the possibility of a plateau struture in the amount
of T = 0 as well as nite T entanglements in suh systems. Our study shows that an external
magneti eld an be employed to give rise to large hanges in the amount of entanglement and
provides the basis for the onstrution of an entanglement `amplier' or `swith'. There is a large
number of spin models whih exhibit QPTs of signiant interest. Some of these models desribe
2D systems. Examples inlude the Shastry-Sutherland model [34℄, the S = 1
2
AFM model on the
1
5
-depleted square lattie [35℄, a lattie of weakly-oupled two-leg ladders [36℄ et. Some of these
models are reviewed in Refs. [20, 37℄. All these models exhibit seond order QPTs from a spin-
disordered gapped phase to a gapless phase with long range spin-spin orrelations. Osterloh et al.
[16℄ and Osborne and Nielsen [17℄ have found evidene of entanglement showing saling behaviour
in the viinity of the quantum ritial point. Similar studies should be arried out for the spin
models mentioned to augment our knowledge of the relationship between QPTs and entanglement.
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